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Introduction
In spite of many recent developments, in particular in string theory, the problem of quantization of
General Relativity is still an open one both from mathematical and physical point of view.
In this thesis we discuss some contributions to the lattice approach to Euclidean Quantum Gravity,
namely to Regge Calculus and Dynamical Triangulations that oer the most natural discretization of General
Relativity. This discretization consists in going from a Riemannian manifolds to triangulations of Piecewise-
Linear manifolds. In both cases the partition function is a sum over the triangulations of Piecewise-Linear
manifolds. Each triangulation is weighted by a factor equal to the exponential of minus the discretized version
of the Einstein-Hilbert action (Regge-Einstein action). Moreover the di-invariant continuum measure on
the Riemannian structures of a manifold M is replaced, in general, by a DeWitt-like measure for the edge
lengths in Regge Calculus and by a micro-canonical measure in the dynamical triangulations.
The bulk of this thesis is based on two original contributions which are reported in chapter three
and four, while in chapter two we introduce very briefly the main notions about the model of dynamical
triangulations. All the notions that we give in this chapter are well known and established in the literature
and we introduce them since they will be used in chapter three.
Along the main stream of the connection between Euclidean quantum eld theory and classical statistical
mechanics we introduce the notions of micro-canonical, canonical, and grand-canonical partition functions.
In particular in two dimensions we mention dierent analytical ways in which the number of combinatorial
inequivalent triangulations was calculated. Recent results on the estimate of micro-canonical partition func-
tion in three and four dimensions are summarized. This estimate will be extensively used for the classication
of the elongated phase of dynamical triangulations in four dimensions in chapter three.
Successively we give the denition of the two point Green function in the context of dynamical triangulations.
As a consequence of the denition of the Green function, we give the denition of the susceptibility function.
From its behavior near the critical line we dene the string susceptibility exponent γstr.
In chapter three we shall study the elongated phase of dynamical triangulations in four dimensions. We begin
by introducing Walkup’s theorem which characterize the triangulations with the topology of the sphere in
four dimensions. We review the kinematical bounds which are xed by this theorem. Furthermore by using
the expression of the estimated canonical partition function, we stress that the average curvature is saturated
in correspondence to the kinematical bound of Walkup’s theorem. This means that for values of k2, the
inverse of gravitational constant, greater than the value kc2 for which the Walkup bound is reached, there is in
the statistical ensemble of equilateral triangulations of the sphere S4 a prevalence of particular triangulations
called "Staked Spheres". These congurations are the only triangulations for which the Walkup bound is
realized. They have a simple tree-like structure that can be mapped into branched polymers structures.
Anyway the map is not one to one in the sense that combinatorial inequivalent stacked spheres can be
mapped into the same branched polymer. We recognize that a stacked sphere ts with the model of a
network of baby universes which has been formulated from the analysis of the results of the Monte Carlo
simulations in four dimensions.
We construct two distinct models of branched polymers and we put them in correspondence with the stacked
spheres by the dual map. This analysis shows that the string susceptibility of the stacked spheres is less
than 1.
At the end we analyse a model taken from the theory of random surfaces and adapted to the stacked spheres.
The aim of this analysis is to show some evidences on the analogy between the stacked spheres and self-
energy Feynman graphs relative to matrix models of two dimensional triangulations. What we learn from
this analysis and from all previous considerations is that there is a strong evidence that the stacked spheres
correspond to a mean eld phase in which the string susceptibility exponents is γs = 12 , so that any attempt
of performing a continuum limit in this phase will give, even if we assume the convergence of the Schwinger
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functions, a Gaussian measure.
Recent numerical evidence of a rst order phase transition of the model of dynamical triangulations
in four dimensions and the previous strong evidence of a trivial elongated phase suggest that more eorts
towards new discrete models for simplicial quantum gravity might be required.
Along this line and following the work of various authors we study Regge calculus as a local theory
of Euclidean Poincare group in the rst order formalism. The reason for a rst order formalism is both
theoretical and technical. With respect to traditional Regge Calculus the novelty lies both in its formulation
as a gauge theory and in the rst order formalism. The gauge theory approach results mainly in the
decit angle being replaced by its sine. The rst order formalism has others eect of smoothing out some
pathological congurations, like "spikes", which might prevent the theory from having a smooth continuum
limit. These congurations are in fact in the region of large decit angles where the rst order formalism
and the second order formalism are not equivalent on a lattice.
We rst review and improve some denitions of a previous work on this subject. In particular it is stressed
how a group theoretical formulation of Regge calculus allows to write an action on the dual Vorono¨ complex
of the original simplicial complex which is quite similar to a gauge theory and, more precisely,
looks like the Wilson action for lattice gauge theory.
We prove that this action does not depend from the orientation of the Vorono¨ plaquette.
We formulate a rst order principle in which we have two sets of independent variables: the normals to
the n − 1-faces and the connection matrices. The normals are considered as the analogous of the n-bein in
the continuum theory, and the connection matrices as the connection one form in General Relativity. The
main result of this chapter is that we prove in the case of "small decit angles" that Regge calculus is a
solution of the rst order formalism. This result is not obvious if we vary indipendently the two sets of
variables above.
Then we derive the general eld equations for the connection matrices and for the normals. We use the
method of Lagrange multipliers to take in account the constraints of the theory. We propose a method for
the calculation of the Lagrange multipliers by using the one to one correspondence among the normals to
the faces of the n simplices and the circumcentric coordinates of the vertices.
A measure for the path integral for this simplicial theory of gravity is introduced and it is shown that it is
locally invariant under SO(n). As a last step we propose a coupling of this lattice theory of gravity with
fermionic matter. This coupling is entirely performed by following the general prescription of the continuum
theory. In other formulation of discrete gravity (Regge calculus and dynamical triangulations) the coupling
with fermionic matter is usually introduced "ad hoc". In this approach the coupling with fermionic matter
is given by considering spinorial representation of SO(n).
Dynamical Triangulations dyna
Introduction int1
In this chapter we shall introduce the basic tools for the simplicial approach will1 will2 hamber to Euclidean
Quantum Gravity (see hawking1 for the main articles on the subject and also reference giampi) via the
theory of Dynamical Triangulations mauro 1Ambjorn LJ david. A precursor of Dynamical Triangulations
has been Weingarten wein. Ro¨mer and Za¨hringer romer proposed for the rst time this model as a gauge
xing of Regge calculus. In section one we begin by considering the class of equilateral triangulations of
Picewise-Linear (PL) manifolds (for a review on PL-manifods see rourke thurstonb seifert) which are used
in dynamical triangulations. Successively we dene the action for dynamical triangulations as a restriction
of the Regge-Einstein action regge to the equilateral triangulations of PL-manifolds. The partition function
for dynamical triangulations is dened over the ensemble of equilateral triangulations of PL-manifolds.
In this framework we address the counting problem of the number of combinatorial inequivalent triangulations
and we briefly review the dierent methods of enumeration in the two dimensional case. In three and four
dimensions some recent analytical results are illustrated mauro mauro1 mauro2 mauro3.
In section verde following 1Ambjorn we give the denition of the Green functions in the framework of
dynamical triangulations. The exposition always follows the connection with classical statistical mechanics
and at the end we give the denition of susceptibility function as a direct consequence of the denition of
the grand-canonical Green function.
All this chapter has to be considered as an introduction to the main concepts of dynamical triangulations
which will be used in the study of the elongated phase in 4-D dynamical triangulations.
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Anyway it is important in our opinion to remark that the whole approach of dynamical triangulations must
be considered in the general framework of Euclidean Lattice eld theory as explained in sokal chap. 15.
It is crucial in this approach to determine the Green functions (the Schwinger functions) and to look for
a second order phase transition in the parameter space. If we have a second order phase transition then
the quantum theory of gravity may be dened at the critical point by looking for the scaling limit of the
Green functions. If this limit exists we ask if it ts with the Osterwalder-Schrader axioms osterwalder1
osterwalder2. In the aermative case the Riemannian Green functions are the Wick rotated version of the
Lorentian Green Function (the Wightman functions) wightman strocchi. A rst implementation of the above
ideas of Euclidean lattice eld theory to simplicial quantum gravity has been given by Rocek and Williams
will1 will2.
It can happen (as in the case of 4) that the continuum limit gives a gaussian measure (free theory),
then the theory is trivial. We want to stress that the nal goal of these theories is to nd a non trivial
continnum limit.
The Model of the Dynamical Triangulations mode
The standard rule in Dynamical Triangulations (for a review on the recent results see loll and also rovelli)
is to consider all the triangulations of PL-manifolds made by equilateral simplices of xed edge lengths, say
a. This implies that the geometrical structures are even more rigid with respect to Regge Calculus regge (for
a recent review on Regge calculus see ruth1). The set of piecewise-linear maps on these simplicial complexes
depend only by their combinatorial structures. So that two triangulations Ta and T 0a are equivalent if there
is a piecewise linear map  between them such that it maps one to one the vertices of Ta into the vertices
of T 0a in such a way that ((vi); (vj)) is an edge of T 0a if and only if (vi; vj) is an edge of Ta and so on for
every simplex of any dimension.
The n − 2 simplices are called bones B. The dihedral angle regge of a n simplex n on a bone is cos−1 1n .
If we indicate by q(B) the number of n-dimensional simplices which share the bone B, the Regge curvature
regge on the bone B is
equation K(B)=2
(
2 − q(B)cos−1 1n

V (B)dcurv
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